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Models keep getting better, and bigger

@ anthropic @ chinese

MMLU

google @ meta @ mistral @ openAl @ other @ xAl
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https://informationisbeautiful.net/visualizations/the-rise-of-generative-ai-large-language-models-llms-like-chatgpt/

Large Language Models (LLMs)

Larochelle and i
Hinton (2010) Wang et al. (2016) @ OpenAl (2022)
"biological retina" "inner attention” ChatGPT / Large Language Models (LLMs)

Bahdanau et al. (2015)
"dynamic alignments"

Sukhbaatar et al. (2015)
"memory networks"

Vaswani et al. (2017)
"transformers"
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Transformers (GPT)
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Language models are unsupervised multitask learners. Radford and Wu et al. (2022)
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Language models are unsupervised multitask learners. Radford and Wu et al. (2022)
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Self-Attention

queries keys values
Q c Rnxd K € Rnxd V Rnxd

1. Compute pairwise scores

Z =QK'/VdeRv"

2. Map rows to probabilities

P = softmax(Z) € R™*"

3. Convex combination

O = PV ¢ R™¢
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Self-Attention

queries keys
Q c Rnxd K € Rnxd

1. Compute pairwise scores

Z =QK'/VdeRv"

2. Map rows to probabilities

P = softmax(Z) € R™*"

3. Convex combination

O = PV ¢ R™¢

values
V c R*¥¢

torch.matmul (Q, K.transpose(-1, -2)) / d**0.5

torch.softmax(Z, dim=-1)
torch.matmul (P, V)

B =1 sample 40962 x 16 x 32/8 =1GB
n = 4096 tOkenS . + model params and
H — 16 heads for a single sample optimizer states

o with just 4K tokens!
32 float precision
10
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Chunk of the internet,
~10TB of text

Scal

* Numbers for LLaMA-2 70B

Slide by Andrej Karpathy
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Scaling is challenging
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ZIP

parameters.zip

~140GB file

»

Chunk of the internet, 6,000 GPUs for 12 days,
~10TB of text ~1e24 FLOPS

The estimated cost? ~2M$ @@ &

* Numbers for LLaMA-2 708 for a single training run with a context length of 4096 tokens

Slide by Andrej Karpathy
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B Text

paper = 10K - book = 150K - codebase = millions

&2 Audio

1 hour = 100K-500K tokens, codec-dependent

= Video

1 hour @ 1 fps x ~250 tokens/frame = 1M

® Agents

unbounded... context is the working memory




B Text 103 — 10°

paper = 10K - book = 150K - codebase = millions

&/ Audio 10° — 106¢

1 hour = 100K-500K tokens, codec-dependent

= Video 10 — 107

1 hour @ 1 fps x ~250 tokens/frame = 1M

® Agents

unbounded... context is the working memory

If we want models to handle long context,
we will need some kind of efficient attention




Quick quiz

A LLaMA-3 (8B) reads a prompt with 128K tokens.

On average, what fraction of the entries is enough to capture 96% of all attention mass?

A ~50%
.—s 100% / 100% B ~250
=.. = — 96% / ~50%
N C ~3%

15



Quick quiz

A LLaMA-3 (8B) reads a prompt with 128K tokens.

On average, what fraction of the entries is enough to capture 96% of all attention mass?

A ~50%
|.—s 100% / 100% B ~250
e —x 96% / ~50%
l.- D
]
o R

StreamingLLM: Efficient Streaming Language Models with Attention Sinks. Xiao et al. ICLR 2024)6


https://arxiv.org/abs/2309.17453

Attention heads are very sparse...

...and we've known this for a long time!
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https://www.aclweb.org/anthology/P19-1580.pdf
https://www.aclweb.org/anthology/D19-1223.pdf

Attention heads are very sparse...

...and we've known this for a long time!
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yet, turning interpretability into efficiency is not trivial.
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Efficient Transformers

Charformer
(Tay et al., 2021)

TokenlLearner

Perceiver (Ryoo et al,, 2021)

(Jaegle et al., 2021)

Transformer-XL

(Dai et al., 2019) N%fi::ﬂ:{%{ger
Mem
Recurrefice ey o

Downsampling Compressed

Compressive (Liu et al., 2018)

Transformer

Set Transformer
(Rae et al., 2018)

(Lee et al., 2019)
Clusterformer

T ROU;lng (Wang et al., 2020)
c ransformer
T Furf\nel P‘éﬁ""gflozrggff (Roy et al,, 2020) Reformer
ransformer Bl 246 (Kitaev et al, 2020)
Performer \ )
(Choromanski et al., 2020) v (Belei8L2020) . .
T Big Bird
L T f (Ainslie et al,, 2020) (Zaheer et al., 2020)
ow-Rank Transformer .
(Winata et al, 2020) Longformer Swin )
(Beltagy etal, 2020) Transformer : Clustered Attention
(Liu et al,, 2020) Sinkhorn (Vyas et al, 2020)
Wit Low Rank / Long Short Transforme
informer

. . (Tay et al., 2020b)
wepes 2o Kernels [Transformer)  Fixed/Factorized/
uetal Adaptive
S Random Patterns Sparse
: ynthesizer
Randonfzpi:nig:c::’rzzﬁttentlon e CC-Net GShard Transformer

Blockwise Transformer

(Correia et al., 2019)
(Qiuetal, 2019)

(Huang et al., 2018) (Lepikhin et al., 2020)

Sparse  clam

(Du et al., 2021)

Linear

Transformer
(Katharopoulos et al., 2020)

Sparse Transformer
Image Transformer (Child etal, 2019)

Switch d
P tal, 2018
(Parmar et 2019) Transformer Product Key
Axial Transformer (Fedus et al, 2021) Memory

(Hoetal., 2019) (Lample et al., 2019)

Scaling Transformer
(Jaszczur et al., 2021)

Efficient Transformers: A Survey. Tay et al. (2020)
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Efficient Transformers

Charformer
(Tay et al., 2021)

TokenlLearner

Perceiver (Ryoo et al,, 2021)

(Jaegle et al., 2021)
Transformer-XL

(Dai et al., 2019) N{f;:;m{%{ger
Mem
Recurrefice ey o

Downsampling Compressed

Compressive (Liu et al., 2018)

Transformer
(Rae et al., 2018)

Performer \
(Choromanski et al., 2020) v

Low-Rank Transformer

Set Transformer
(Lee et al., 2019)

Routing Clusterformer

(Wang et al., 2020)
Transformer

(Roy et al., 2020) Reformer
(Kitaev et al., 2020)

Funnel Poolingformer
Transformer  (Zhangetal.2021)
(Dai et al., 2020)

ETC Big Bird

(Ainslie et al,, 2020) (Zaheer et al,, 2020)

(Winata et al, 2020) Longformer Swin -
(Beltagyetal, 2020)  Transformer _ Clustered Attention
(Liu et al,, 2020) Sinkhorn (Vyas et al, 2020)

Low Rank / /| ong short
Kernels

Transformen
(Tay et al., 2020b)

Linformer
(Wang et al, 2020b) Transformer

(Zhu et al, 2021)

Fixed/Factorized/
Random Patterns
CC-Net

(Huang et al., 2018)

Adaptive
Sparse

GShard Transformer
(Lepikhin et al., 2020) (Con=alEta a0

Sparse  clam

(Du et al., 2021)

Random Feature Attention |Synthesizer
(Peng et al., 2021) ([a¥etlalz20208)

Blockwise Transformer
(Qiuetal, 2019)

Linear

Transformer
(Katharopoulos et al., 2020)

Sparse Transformer

Image Transformer (Child etal, 2019)

Switch d
P tal, 2018
(Parmar etal, 2018) Transformer Product Key
Axial Transformer (Fedus et al, 2021) Memory

(Hoetal., 2019) (Lample et al., 2019)

Scaling Transformer
(Jaszczur et al., 2021)

Efficient Transformers: A Survey. Tay et al. (2020)

@ Not used in practice...
Why?

Accuracy was traded
for efficiency!
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Context length (tokens, log scale)
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Context length (tokens, log scale)
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Context length (tokens, log scale)

LLM Context Length Evolution (2018-2026)
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Context length (tokens, log scale)

LLM Context Length Evolution (2018-2026)
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Where is the bottleneck?

torch.matmul (Q, K.transpose(-1, -2))

torch.softmax(Z, dim=-1)
torch.matmul (P, V)
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Where is the bottleneck?

torch.matmul(Q, K.transpose(-1, -2)) Z has n x n entries, materialized into memory

torch.softmax(Z, dim=-1)
torch.matmul (P, V)
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Where is the bottleneck?

torch.matmul(Q, K.transpose(-1, -2)) Z has n x n entries, materialized into memory
= torch.softmax(Z, dim=-1)

= torch.matmul (P, V)

torch.empty(n, d)
il in range(n):
Q[i] @ K.T
torch.softmax(z, dim=-1)
O[i] = p @V
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Where is the bottleneck?

torch.matmul(Q, K.transpose(-1, -2)) Z has n x n entries, materialized into memory
= torch.softmax(Z, dim=-1)

= torch.matmul (P, V)

torch.empty(n, d)
il in range(n):
Q[i] @ K.T only n materialized into memory
torch.softmax(z, dim=-1)
O[i] = p @V
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Where is the bottleneck?

torch.matmul(Q, K.transpose(-1, -2)) Z has n x n entries, materialized into memory
= torch.softmax(Z, dim=-1)

= torch.matmul (P, V)

r-loop is n
torch.empty(n, d) >V for-loop is not parallel

in range(n):
Q[i] @ K.T only n materialized into memory
torch.softmax(z, dim=-1)

O[i] = p @V
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Where is the bottleneck?

torch.matmul(Q, K.transpose(-1, -2)) Z has n x n entries, materialized into memory
= torch.softmax(Z, dim=-1)

= torch.matmul (P, V)

r-1 isn rallel
torch.empty(n, d) >V for-loop is not paralle

in range(n):
Q[i] @ K.T only n materialized into memory
torch.softmax(z, dim=-1)

O[i] = p @V

\?{/ So what exactly Flash Attention does?

30



Flash Attention

Hardware-aware implementation of softmax attention

1:19TB/s (20 MB)

HBM: 1.5 TB/s (40 GB)

:12.8 GB/s
(>1TB)
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1:19TB/s (20 MB)

Flash Attention

Hardware-aware implementation of softmax attention

HBM: 1.5 TB/s (40 GB)

:12.8 GB/s
(>1TB)

1. Load Q and K from HBM — compute matmul in SRAM — store Zin HBM

torch.matmul(Q, K.transpose(-1, -2))
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Flash Attention

Hardware-aware implementation of softmax attention

= torch.matmul(Q, K.transpose(-1, -2))

torch.softmax(Z, dim=-1)

1:19TB/s (20 MB)

HBM: 1.5 TB/s (40 GB)

:12.8 GB/s
(>1TB)

1. Load Q and K from HBM — compute matmul in SRAM — store Zin HBM

2. Load Z from HBM — compute softmax in SRAM — store P in HBM
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1:19TB/s (20 MB)

Flash Attention

Hardware-aware implementation of softmax attention

HBM: 1.5 TB/s (40 GB)

:12.8 GB/s
(>1TB)

1. Load Q and K from HBM — compute matmul in SRAM — store Zin HBM

= torch.matmul(Q, K.transpose(-1, -2))

torch.softmax (2, dim=-1) 2. Load Z from HBM — compute softmax in SRAM — store P in HBM
torch.matmul (P, V)

3. Load P and V from HBM — compute matmul in SRAM — store O in HBM
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1:19TB/s (20 MB)

Flash Attention

Hardware-aware implementation of softmax attention

HBM: 1.5 TB/s (40 GB)

:12.8 GB/s
(>1TB)

1. Load Q and K from HBM — compute matmul in SRAM — store Zin HBM

= torch.matmul(Q, K.transpose(-1, -2))

torch.softmax(Z, dim=-1) 2. Load Z from HBM — compute softmax in SRAM — store P in HBM

torch.matmul (P, V . ,
GRS ) 3. Load P and Vfrom HBM — compute matmul in SRAM — store O in HBM

Load Q, Kand V from HBM — compute Z and P in SRAM — store O in HBM

flash attn(Q, K, V)
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- Flash Attention

* Tilling: work with blocks rather than single vectors

* Online softmax: more FLOPs but more efficient
while also being exact!

« Recomputation: how to backprop through this?
— recompute in the backward pass

K:dxN

Inner Loop

sm(QK"NV: Nxd

Outer Loop

Copy Block to SRAM
QOuter Loop

----------- T
Compute Block
on SRAM
—_— = = =
Output to HEM

Inner Loop

dooT Jauu

-

V:NXd

doo 19300
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- Flash Attention

* Tilling: work with blocks rather than single vectors

* Online softmax: more FLOPs but more efficient
while also being exact!

« Recomputation: how to backprop through this?
— recompute in the backward pass

154

Time (ms)

Attention on GPT-2

] mMatmul

Dropout

Softmax

Fused

Mask Kernel
—

jMatmuI

PyTorch FlashAttention

Memory Reduction (X times less)

20 1

15 A

10 +

K:dxN

Q:Nxd

Inner Loop

sm(QK"NV: Nxd

FlashAttention Memory Reduction

128

256

512 1024
Sequence Length

2048

4096

Outer Loop

Copy Block to SRAM

QOuter Loop V: NXd

Compute Block
on SRAM

dooT Jauu

Output to HEM

Inner Loop

~4x faster
~20x less memory!

doo742InQ
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N

- Flash Attention

* Tilling: work with blocks rather than single vectors

* Online softmax: more FLOPs but more efficient
while also being exact!

« Recomputation: how to backprop through this?
— recompute in the backward pass

Outer Loop

K:dxN

Copy Block to SRAM

Outer Loop

Q:Nxd V:NXd

Compute Block
on SRAM

Inner Loop
doo742InQ

dooT Jauu

Output to HEM
sm(QK"V: N xd

Inner Loop
Attention on GPT-2 FlashAttention Memory Reduction
@ 20 1
15 [ Matmu r ~4x faster
£
Crapaim 141 ~20x less memory!
£104 - s
E | R g0 FA-2 = base algorithm
= A Fused o
= Mask  Kernel > 5 FA-3 — Hopper
- — g
]Matmul 2 0 FA-4 — Blackwell
- |

128 256 512 1024

PyTorch FlashAttention Sequence Length

2048

4096
38



Back to Attention

« Can we just keep increasing the context length?

39



Back to Attention

« Can we just keep increasing the context length?

Representational Collapse

(L)
1[0 > ——~——— VI
110 (L)
1111 O§i e
/\/‘\
; e~ —— (D)
. N V4
/\/\
1111...1[0
1111...11[0 VS = v e < €

As we add context tokens, the final
representation of "0" collapse to a single vector

Transformers need glasses! | Information over-squashing in language tasks. Barbero et al., NeurlPS 2024
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https://proceedings.neurips.cc/paper_files/paper/2024/file/b1d35561c4a4a0e0b6012b2af531e149-Paper-Conference.pdf

Back to Attention

« Can we just keep increasing the context length?

Representational Collapse

1111..
1111..

11

111
1111

1

.11

0 >~ V1
0 L
(L)
. — V(L)
: /\/\ 4
/\/\
0
L L
0 Ve = vl <€

As we add context tokens, the final

representation of "0" collapse to a single vector

Transformers need glasses! | Information over-squashing in language tasks. Barbero et al., NeurlPS 2024

Oversquashing

v ) v B
VO

Véo)

v

A lot of information from context tokens is forced
through a single, fixed-size bottleneck

41


https://proceedings.neurips.cc/paper_files/paper/2024/file/b1d35561c4a4a0e0b6012b2af531e149-Paper-Conference.pdf

Back to Attention

« Can we just keep increasing the context length?

Attention Dispersion

log2(num_items): 11
top_16_items: 16

batch: 32

As the number of tokens increase, the attention coefficients spread out
— uniform distribution (simple average)

Softmax is not Enough (for Sharp Size Generalisation). Velickovic et al., ICML 2025
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https://arxiv.org/pdf/2410.01104
https://proceedings.neurips.cc/paper_files/paper/2024/file/b1d35561c4a4a0e0b6012b2af531e149-Paper-Conference.pdf
https://arxiv.org/pdf/2410.01104

What is going on?




What is going on?

exp(z;)

Long story short: the culprit is softmax! softmax(z); = S exp(zi)
k=1

contextlength n =g
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What is going on?

exp(z;)

Long story short: the culprit is softmax! softmax(z); = S exp(zi)
k=1

contextlength n =

45



What is going on?

exp(z;)

Long story short: the culprit is softmax! softmax(z); = S exp(zi)
k=1

contextlength n =

46



What is going on?

exp(z;)

Long story short: the culprit is softmax! softmax(z); = S exp(zi)
k=1

contextlength n =
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What is going on?

Long story short: the culprit is softmax! softmax(z);

contextlength n =

exp(z;)

N Z?]z:l exp(zk)
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What is going on?

Long story short: the culprit is softmax! SOftmaX(z)j _ Znexp(zj() )
k—1 €XPp <

no focus at
extreme lengths!

!

dispersion /
representation collapse /
oversquashing

context length n =

49



Softmax origins: probability simplex

An:{pERi | Zipizl}



Softmax origins: probability simplex

An:{pERﬁ | Z@'pizl}

(0,1) (1,0)
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Softmax origins: probability simplex

An:{pERﬁ | Zipz'zl}

Yy
’b.. . ]
z
®
e Q@@ T
(0,1) (1,0)
Ay

(0,0,1) (1,0,0)
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Softmax origins: probability simplex

An:{pERﬁ | Zipz'zl}

Yy
'b.,.. N )
z
®
e Q@@ T
(0,1) (1,0)
AN

(0,0,1) (1,0,0)
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How can we map a score to a probability?

oot
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The simplest option: argmax

p* = argmaxp' z
y JSWAV
.6 =(0.3,1.1,0.5)
p* (0,1,0)
(1,0,0)
(0,0, 1)

Fundamental Thm. Lin. Prog.
(Dantzig et al., 19555


https://apps.dtic.mil/dtic/tr/fulltext/u2/604612.pdf

What if we regularize the opt. problem?

/) Entropy regularizer

p* = argmaxp'z — Q(p)
pe i,

® argmax: Q(p) =0
p* (01,00 @

(1,0,0)
(0,0, 1)

(Martins and Astudillo, 2016)

(Niculae and Blondel, 2017:56
(Peters et al., 2019)


https://arxiv.org/pdf/1602.02068
https://arxiv.org/abs/1905.05702
https://arxiv.org/pdf/1705.07704.pdf

Softaromax is just a regularized version

/) Entropy regularizer

p* = argmaxp' z — Q(p)
pPEL,
® argmax: Q(p) =0
p* (0,1,00 @
SOftmaX. Q(p) — Z] p] lng] Neg. Shannon entropy
(1,0, 0)
0,0, 1)

(Martins and Astudillo, 2016)

(Niculae and Blondel, 2017%
(Peters et al., 2019 7


https://arxiv.org/pdf/1602.02068
https://arxiv.org/abs/1905.05702
https://arxiv.org/pdf/1705.07704.pdf

Sparsemax

/, Entropy regularizer

p* = argmaxp' z — }(p)
j ASWAW
® argmax: Q(p) =0
p* (01,00 @
o SOftmaX. Q(p) — Z] p] logp] Neg. Shannon entropy .
® sparsemax: Q(p) = 5||p|[3 - ciienopy @
(1,0, 0)
(0,0, 1)

(Martins and Astudillo, 2016)

(Niculae and Blondel, 2017%
(Peters et al., 2019 8


https://arxiv.org/pdf/1602.02068
https://arxiv.org/abs/1905.05702
https://arxiv.org/pdf/1705.07704.pdf

oa~-entmax

® argmax:

® softmax:

® sparsemax:

® o-entmax:

/, Entropy regularizer
*

p* = argmaxp'z — Q(p)
pely,

p* (0,1,0) @
Q(p) = Z] p] lngj Neg. Shannon entropy

Q(p) — %||p| '% ~ Gini entropy ‘

Q(p) = ﬁ Z] p;x Tsallis entropy ©,0,1)

softmax when a — 1

sparsemax when a = 2

(1,0,0)

(Martins and Astudillo, 2016)

(Niculae and Blondel, 2017%
(Peters et al., 2019 9


https://arxiv.org/pdf/1602.02068
https://arxiv.org/abs/1905.05702
https://arxiv.org/pdf/1705.07704.pdf

o~-entmax

The output of a-entmax(z) is quite simple:

fora =2

p = max(0, (o — 1)z — 7)1

> p=max(0,z — 7)
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o~-entmax

The output of a-entmax(z) is quite simple:

fora =2

p = max(0, (o — 1)z — 7)1 > p=max(0,z — 7)

k such that 3. p; = 1




o~-entmax

The output of a-entmax(z) is quite simple:

fora=2

p = max(0, (o — 1)z — 7)1
\ such that 3. p; = 1

context length n =

N
7

p = max(0,z — 7)
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o~-entmax

The output of a-entmax(z) is quite simple:

fora=2

p = max(0, (o — 1)z — 7)1
k such that 3. p; = 1

context length n =

AN
7

p = max(0,z — 7)

63



o~-entmax

The output of a-entmax(z) is quite simple:

fora=2

p = max(0, (o — 1)z — 7)1
k such that 3. p; = 1

context length n =

N
7

p = max(0,z — 7)

64



o~-entmax

The output of a-entmax(z) is quite simple:

fora =2

p = max(0, (o — 1)z — 7)1 > p=max(0,z — 7)
k such that 3. p; = 1

context length n =




o~-entmax

The output of a-entmax(z) is quite simple:

fora =2

p = max(0, (o — 1)z — 7)1 > p=max(0,z — 7)
k such that 3. p; = 1

context length n =




o~-entmax

The output of a-entmax(z) is quite simple:

fora =2

p = max(0, (o — 1)z — 7)1 > p=max(0,z — 7)
k such that 3. p; = 1

context length n =




o~-entmax

-
L

=)
But, why complicate so much?

If we want sparsity, why just not use top-k?
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u = [07 Uy, u2]

p = f(u)

1-entmax (Softmax)

1 -1
0
-1 _y =2

dense and differentiable
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u = [07 Uy, ’U,2]

p = f(u)

1-entmax (Softmax)

1 -1
0
-1 _y =2

dense and differentiable

Top-2 Softmax

sparse and non-differentiable
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u = [07 Uy, ’U,2]

p = f(u)

1-entmax (Softmax) Top-2 Softmax 1.5-entmax 2-entmax (Sparsemax)

-1 -2 -2 -1 -2 -2

dense and differentiable sparse and non-differentiable sparse and differentiable

to be mathematically precise, a-entmax is differentiable almost everywherez1



Entmax Solver

p = max(0, (o — 1)z —

/ suchthat ), p; =1
1
T)a1
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Entmax Solver

p = max(0, (o — 1)z —

® o = 2 (sparsemax)

Input: z
Sort z as z(1) > ... > 2(k)
Find k(2) := max{k € [K] | 1+ kagy > ¥, z(j)}

Define 7(z) = (EJ‘Sk’i?)zjo))—l

Output: ps.t. p; = [z; — 7(2)]+.

(Martins and Astudillo, 2016)

/ suchthat ), p; =1
1
T)a1

® a=1.5

Sort z, yielding zjg) < -+ < 2zp1); set z < #/2
forpecl,...,ddo
M(p) < /o Z?=1Z[J’]
S(p) < S0_, (211 — M(p))”
7(p) < M(p) — /Yo (1 = S(p))
if z,11] < 7(p) < 2z then
return p* = [z — T 1]?F

(Peters, Niculae, and Martins, 2019)
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https://arxiv.org/pdf/1602.02068.pdf
https://www.aclweb.org/anthology/P19-1146.pdf

Entmax Solver

/ suchthat ), p; =1
1
T)a1

p = max(0, (o — 1)z —

® o = 2 (sparsemax) ®a=15
Input: z Sort z, yielding zjg) < -+ < 2zp1); set z < #/2
Sort z as z(1) > ... > z(k) forpel,...,ddo
Find k(z) := max{k € K] | 1+kzm > <4 z(j)} M(p) < Y/p 25:12[3'] ,
Define 7(z) = {2k 7)1 S (p) = f—1 (2131 — M(p))
Output: p s.t. p; = [z; — 7(2)]+. 7(p) < M(p) — /Yo (1 — S(p))

if 2(511) < 7(p) < 2, then

(Martins and Astudillo, 2016) * 2
return p* = [z — 7 1]

(Peters, Niculae, and Martins, 2019)

e Does not work for all values of

e Requires sorting (not GPU-friendly)

Can we have a "Flash entmax attention"?
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https://arxiv.org/pdf/1602.02068.pdf
https://www.aclweb.org/anthology/P19-1146.pdf

AdaSplash:
Adapative Sparse Flash Attention

Nuno Gongcalves André F. T. Martins

s ICML 2025 (spotlight)

arxiv.org/abs/2502.12082
M sithub.com/deep-spin/adasplash

1

2 from adasplash import adasplash

3
4 y = adasplash(q, k, v, alpha=1.5, niter=3, is causal=True)



https://arxiv.org/abs/2502.12082
https://github.com/deep-spin/adasplash%E2%80%8B

Entmax Solver
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Entmax Solver

* Solve for f(7) = 0 — root-finding!

« f(7) is strictly convex for 1 < a < 2 (unique root)

* One evaluation of f(r) = one pass over K

» Bisection:;
max z; — —— < 7 < maxz;
j J a—1 j J
1§ - ) %{_J

Fully dense case

One-hot solution And every score the same

‘H

(0,(a— 1)z — 7%)a

with f(*) =0

[
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Entmax Solver

m—1

* Solve for f(7) = 0 — root-finding!

* f(7) is strictly convex for 1 < a < 2 (unique root)

* One evaluation of f(r) = one pass over K

(0,(a— 1)z — 7%)a

=
[

with f(*) =0

» Bisection:;
1 (—1) 2
maxz; — — < 7 < mMaxz;
j J a—1 j J
1§ - ) %{_J

Fully dense case

One-hot solution And every score the same

~20 iterations

78



AdaSplash

* f(7) is m times differentiable, whenever a <

F0) ==Y [la— 1)z — 777

)

W]

—

L S a-1m -

a—1

+ 9

1

" 2—« Sa-_f?
"0 = D> la—1)z —7)f

Z

* We can use high-order methods such as
Newton, Halley

— They can overshoot the root &

* Key idea: keep update within the
Bisection bounds!

+

1

m

—~

|—
N—"
y—

0.0

_01 4

_02 4

0.50

0.75

1.00

Initialization via middle point
of the two extreme solutions.

1.25

1.75

2.00

2.25

2.50
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AdaSplash

* f(7) is m times differentiable, whenever a < 2l

F0) ==Y [la— 1)z — 777

)

W]

—

) = ——= Y-V —7f

a—1

+ 9

1

- (j : %2 Z [(Cl{ — 1)33. _ T]}_Qf‘

Z

* We can use high-order methods such as
Newton, Halley

— They can overshoot the root &

* Key idea: keep update within the
Bisection bounds!

—~

'—
N—"
y—

0.6

AN

0.4-
0.3
0.2
0.1-
0.0
-0.1-

_02 4

0.50

0.75

1.00

1.25

1.75

2.00

2.25

2.50
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AdaSplash

* f(7) is m times differentiable, whenever o < 7+

m

f(r) == la -1z — 7T
fir) =~ 3 l(a— 1)z —7]

a—1

W]

—

—1

+ 9

1

" 22—« Sa_—g?
"0 = D> la—1)z —7)f

Z

* We can use high-order methods such as
Newton, Halley

— They can overshoot the root &

* Key idea: keep update within the
Bisection bounds!

0.50 0.75 1.00

1.25 1.50 1.75

~3-4 iterations!
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AdaSplash

Inner Loop

o i ] i
8 Load ................ 3
; —_——p ’ Br - ---——» Aggregate statistics and compute
= B W) e f(7i) after passing through all Kj
O Zi

v

82



AdaSplash

Inner Loop
>
K
SO T T T T T ]
iLoad
Q Be
NxD Ki [ D

--——> Aggregate statistics and compute
""""" ) f(Ti) after passing through all Kj

Grid Loop

I —

I ©
Qﬁ 8
o’ '

® |

Repeat N times
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-~ AdaSplash

Q; = {j| M;; = 1} (non-zero cols)

IC; = {¢| M;; =1} (non-zero rows)
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Efficient output

0,=) P".v,

1€V

AdaSplash

= 1[P; > 0]
Q; = {j| M;; = 1} (non-zero cols)
H B IC; = {¢| M;; =1} (non-zero rows)
i
N
J

Efficient backward pass!

dQ, =Y dsY . K;

Jje€Q;

dKj — Z dsz(j) : Qi

1

dv; =Y PV .do,

’iE’Cj
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Efficient output

0,=) P".v,

1€V

AdaSplash

Q; = {j| M;; = 1} (non-zero cols)

i IC; = {¢| M;; =1} (non-zero rows)

Efficient backward pass!

dQ, =Y dsY . K;

JEQ;

dKj = Z dSz(j) - Q,
iE’Cj

dv; =Y PV .do,
iEICj

15(2)]
(14)
Interestingly, if sparsemax(z) has already been evaluated
(i.e., in the forward step), then so has S(z), hence the
nonzeros of Jsparsemax(2) + © can be computed in only
O(|S(z)|) time, which can be sublinear. This can be an im-

Jsparsernax(z) v=80 (’U — ’ﬁl), with ¥ :=

portant advantage of sparsemax over softmax if K is large.

(Martins and Astudillo, 2016)
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https://arxiv.org/pdf/1602.02068.pdf

2.25

2.00

1.75

= =
N U
9] o

Relative Speed (vs. FA2 Triton)
o
o

- AdaSplash

— = FlashAttention-2 (CUDA) — AdaSplash
— = FlashAttention-2 (Triton)

0 20

40 60
64x64 Block Sparsity (%)

80

100
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AdaSplash-2:
Faster Differentiable Sparse Attention

Nuno Gongalves ~ Hugo Pitorro Vlad Niculae Edoardo Ponti Lei Li André F. T. Martins
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AdaSplash-2:
Faster Differentiable Sparse Attention

Nuno Gongalves ~ Hugo Pitorro Vlad Niculae Edoardo Ponti Lei Li André F. T. Martins

£ |ICML 2026
arxiv.org/abs/2604.15180

B sithub.com/deep-spin/adasplash

from adasplash import adasplash v2

y = adasplash v2(q, k, v, alpha=1.5, niter=3, is causal=True)
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http://arxiv.org/abs/2604.15180
https://github.com/deep-spin/adasplash%E2%80%8B

AdaSplash-2:
Faster Differentiable Sparse Attention

Inner Loop

>
) [
e I I R
l Load
Q
NxD Ki -D
Update histogram
in SRAM

Grid Loop
=
| 9
e
09
oV
i
1
v

0x06020301 0504 0302

<

i Solve
A
Ti<Ti

i Store

Th
o CC T T T T W T T T 1]

>

Grid Loop

90



AdaSplash-2:
Faster Differentiable Sparse Attention

Inner Loop
>
zi=(a—1)z;, —(m—1) = maxz;, =1, 7 €]0,1
NI:D :- | | I | | | J ( )41 ( ) i [ )
lLoad
Q
NxD Ki -D Hk:‘{j:min(\_BZjJ,B—l):k:}|, k=0,...,B—1
Update histogram B-1 L
in SRAM H v o 1
3 . !
S R=0
S
G
| 0x0602030‘|05040302

* B = 8 bins, packed in one 64-bit integer, in registers!

ESoIve

** .

Ti=Ti - Single cycle, super fast
T iStore
oy C T T T W T T T 1] + Solve in O(B), not O(n)

> .
Grid Loop - the bins are already sorted -> closed form for 7,
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AdaSplash-2:
Faster Differentiable Sparse Attention

-3
10 .\ —=@= Bisection
S —e— Hybrid

\
\ .\.\.\
O~

—
© |
a

Mean Absolute Error
SI c_:;I

lteration



AdaSplash-2:
Faster Differentiable Sparse Attention

10 —®= Bisection
_ —®@=Hybrid
g . \.\.\ Hybrid w/ hist. (B=4)
w 10 @~ —e~— Hybrid w/ hist. (B=8)
% == Hybrid w/ hist. (B=16)
e,
-7
2 10
<C
c
S _9 » 10000x closer to 7" after 1 iteration
= 10 in comparison to Hybrid without histogram

lteration
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Relative Speed (vs. FA2 Triton)

2.25

2.00

1.75

- AdaSplash-2:

— = FlashAttention-2 (CUDA) -  AdaSplash
— = FlashAttention-2 (Triton) - AdaSplash-2

0 20 40 60
64x64 Block Sparsity (%)

80

100
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Runtime relative to FA-2 (Triton)

1.50
1.25
1.00
0.75
0.50
0.25
0.00

mmm FlashAttention-2 (Triton)

14ms

<~ AdaSplash-2:

mmm FlashAttention-2 (CUDA) mmm AdaSplash (Triton) mmm AdaSplash-2 (Triton)

15ms

57m5
199ms 199ms

11ms 11ms 160ms

142ms

4096 - 51% 8192 - 58% 16384 - 64% 32768 - 70% 65536 - 75% 131072 - 85%
Context Lenath - Block Sparsity

Bl Forward
I Backward
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RULER - 32K context length

Table 1. RULER benchmark results for 1B parameter models trained up to 32K context-length. Best average results are in bold.

Model Len. MK-1 MK-2 MK-3 MQ MV NIAH-1 NIAH-2 NIAH-3 CWE FWE VT QA-H QA-S Avg.

4K 80.0 622 382 476 434 100.0 100.0 98.8 51 249 80 248 350 514
Softmax 8K 784 45.0 302 36.7 31.0 100.0 99.2 98.2 0.1 243 28 224 202 453
(RoPE) 16K 67.6 100 148 22.1 227 100.0 99.2 99.2 00 1950 0.2 17.0 18.7 37.7
32K 414 8.2 0.8 174 208 96.2 61.6 75.6 0.0 63 00 168 10.1 273

4K 754 260 236 299 523 100.0 100.0 98.8 363 323 39 258 36.7 493
Entmax 8K 71.8 194 8.6 225 425 100.0 99.8 94.6 89 237 36 232 196 414
(RoPE) 16K 532 8.6 1.0 129 22.0 100.0 81.4 79.4 0.1 186 1.2 182 208 32.1
32K 332 4.4 06 75 129 970 40.8 64.2 00 150 0.2 186 92 234

4K 882 298 130 289 279 100.0 100.0 100.0 353 274 148 218 379 481
Softmax 8K 784 386 126 332 341 100.0 100.0 99.0 270 263 123 192 229 464
(NAPE) 16K 856 19.6 74 268 30.6 100.0 100.0 98.8 180 256 9.8 200 213 433
32K 66.6 4.2 20 264 265 100.0 97.0 98.0 8.3 33 7.7 190 195 36.8

4K 81.2 122 272 519 556 100.0 100.0 79.8 489 58.1 314 302 345 54.7
Entmax 8K 73.4 4.6 17.6 623 31.5 100.0 100.0 84.0 337 483 384 290 26.0 49.9
(NAPE) 16K 79.2 1.4 9.8 38.7 240 100.0 100.0 74.2 229 S51.1 345 272 275 454
32K 630 1.8 48 258 16.8 100.0 92.0 76.0 11.7 458 274 250 22.1 394




Table 1. RULER benchmark results for 1B parameter models trained up to 32K context-length. Best average results are in bold.

RULER - 32K context length

Model Len. MK-1 MK-2 MK-3 MQ MV NIAH-1 NIAH-2 NIAH-3 CWE FWE VT QA-H QA-S Avg.
4K 800 622 382 47.6 434 100.0 100.0 98.8 51 249 80 248 350 514
Softmax 8K 784 45.0 302 36.7 31.0 100.0 99.2 98.2 0.1 243 28 224 202 453
(RoPE) 16K 676 10.0 148 22.1 227 100.0 99.2 99.2 00 190 0.2 170 187 37.7
32K 414 8.2 0.8 174 208 96.2 61.6 75.6 0.0 63 00 168 10.1 273
4K 754 260 236 299 523 100.0 100.0 98.8 363 323 39 258 36.7 493
Entmax 8K 71.8 194 8.6 225 425 100.0 99.8 94.6 89 237 36 232 19.6 414
(RoPE) 16K 532 8.6 1.0 129 22.0 100.0 81.4 79.4 0.1 186 1.2 182 208 32.1
32K 332 4.4 06 75 129 970 40.8 64.2 00 150 0.2 186 92 234
4K 882 298 130 289 279 100.0 100.0 100.0 353 274 148 218 379 481
Softmax 8K 784 38,6 126 332 341 100.0 100.0 99.0 270 263 123 192 229 464
(NAPE) 16K 856 19.6 74 268 30.6 100.0 100.0 98.8 180 256 9.8 200 213 433
32K 66.6 4.2 20 264 265 100.0 97.0 98.0 8.3 33 7.7 190 195 36.8
4K 81.2 122 272 519 556 100.0 100.0 79.8 489 58.1 314 302 345 54.7
Entmax 8K 73.4 4.6 17.6 623 31.5 100.0 100.0 84.0 33.7 483 384 290 26.0 49.9
(NAPE) 16K 79.2 1.4 9.8 38.7 240 100.0 100.0 74.2 229 51.1 345 272 275 454
32K 630 1.8 48 258 16.8 100.0 92.0 76.0 11.7 458 274 250 22.1 394

CWE = Common Words Extraction
FWE = Frequent Words Extraction

VT = Variable Tracking

super relevant for coding
and agentic tasks!
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HELMET - In Context Learning

Table 2. Results across context lengths for the In-Context Learning
tasks in the HELMET benchmark. Best average result is in bold.

Model Len. TREC-C TREC-F NLU B77 C150 Avg.

Softmax 8K 62.4 33.6 126 6.0 13.6 25.6
(RoPE) 16K 67.2 42.2 264 10.8 25.8 345
32K 69.2 47.8 25.8 12.8 35.6 38.2

Entmax 8K 63.2 26.6 254 84 20.2 28.8
(RoPE) 16K 66.4 35.8 32.8 13.8 274 352
32K 66.8 42.8 36.2 16.8 34.0 393

Softmax 8K 58.8 30.8 272 134 32.6 32.6
(NAPE) 16K 64.4 35.8 38.6 20.6 43.2 405
32K 71.2 45.6 414 212 51.0 46.1

Entmax 8K 78.0 43.8 44.6 194 41.0 454
(NAPE) 16K 83.4 56.4 58.0 25.0 57.0 56.0
32K 85.0 62.4 60.6 344 684 62.2




HELMET - In Context Learning

Table 2. Results across context lengths for the In-Context Learning
tasks in the HELMET benchmark. Best average result is in bold.

Model Len. TREC-C TREC-F NLU B77 C150 Avg.

Softmax 8K 62.4 33.6 126 6.0 13.6 256
(RoPE) 16K 67.2 42.2 264 108 25.8 34.5
32K 69.2 47.8 25.8 12.8 356 382

Entmax 8K 63.2 26.6 254 84 20.2 28.8
(RoPE) 16K 66.4 35.8 32.8 13.8 274 352
32K 66.8 42.8 36.2 16.8 34.0 393

Softmax 8K 58.8 30.8 272 134 32.6 32.6
(NAPE) 16K 64.4 35.8 38.6 20.6 43.2 405
32K 71.2 45.6 414 212 51.0 46.1

Entmax 8K 78.0 43.8 44.6 194 41.0 454
(NAPE) 16K 83.4 56.4 58.0 25.0 57.0 56.0
32K 85.0 62.4 60.6 344 684 62.2

super relevant for RAG systems!




How sparse is the model in the end?

1

I-1
o
co

-0.6

Head

12 11 10 9 8 7 6 5 4 3 2

-0.4
-0.2

I 1 I I I I [} I 1 1 | I _0.0
1 2 3 4 5 6 7 8 9 10 11 12
Layer

Figure 4. Ratio of non-zero attention scores for GPT-2 (a = 1.5).

100



AdaSplash-3 (preview)

e |n collaboration with NVIDIA

e From Triton to CuteDSL (Hopper) and Cutile (Blackwell) + novel algorithmic ideas

e Will be previewed at GTC in Paris in two days

2,048
4,096
8,192

16,384

Tested on random inputs.

Trained models are far sparser, especially on longer contexts

0.78X

0.94X

1.19X

1.47X

1.58X

2.00X

2.55X

3.21X
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Long-context Generalization
with Sparse Attention

w/

Pavlo Vasylenko Hugo Pitorro André F. T. Martins

o ICLR 2026
arxiv.org/abs/2506.16640

B sithub.com/deep-spin/asentmax

What happens with attention on sequences longer than those seen during training?
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http://arxiv.org/abs/2506.16640%E2%80%8B
http://github.com/deep-spin/asentmax

Long-context Generalization

path of pain &

4K? _ t 128K? , t 256K? ,
Train at 32K wanto > Train at 64K Aen > Train at 128K e > Train at 256K

green path «=

want 64K, 128K, 256K, 1M?

Train at 32K Run on it!

\4

arxiv.org/abs/2506.16640 103


https://arxiv.org/abs/2506.16640

Proposition 1 (Dispersion Properties of Attention Mechanisms). Comparing softmax and o-entmax
(o > 1) attention mechanisms:

1.

a-entmax can retain probability, while softmax always leaks: For any o > 1 and any logits
z € R™, there are logits z* € RY with N > n such that:

a-entmax(z); = a-entmax(z*); Vi <mn. )
This is impossible for o = 1 (softmax), for which we always have softmax(z); > softmax(z*);.

Softmax exhibits complete dispersion: For any fixed temperature 0 > 0 and any bounded
sequence of logits (2,) nen:

lim H(softmax(z1.n/6))

n—oo log n

= Il (6)

a-entmax can exhibit strong concentration resilience: When the support size grows sublinearly
as |S| = O(nP) with B < 1, a-entmax maintains bounded normalized entropy:

H(a-entmax(z1.,,))

lim

<p<lL (7
n—00 logn

Proposition 2 (Representational Preservation and Reduced Gradient Paths). Let o > 1. Consider a
depth- L transformer with residual connections and attention weights given by a-entmax. Suppose
each attention distribution has support size at most s with s < n. Then:

1.

(Preserved representations) There exist input families v(?) € R"*4 gnd v*(©) e R("*TDxd gpd q
constant ¢ > 0 such that ||v?(1L) = v;(fl) |1 > cforalln; i.e., a-entmax can maintain distinct
token representations as n — oo. In contrast, Barbero et al. (2024) shows that for softmax

. L L
attention, |'v,(?, ) v;S_1)||1 — 0asn — oo.

(Alleviated over-squashing) The number of effective gradient paths scales as O(s) (rather
than O(n*) under softmax), alleviating over-squashing by concentrating gradient flow on fewer
active paths.
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Theoretical Findings

Preserve representations Alleviate over-squashing
—-eo - Softmax —m— Entmax a=1.5 —a— Entmax a=1.75 —&— Entmax 0=2.0
2 4 ¢ * \ 4 * 4 4
£ 2
o A A A A 7\ A A A
pd
— 1 -
- o ——n ] m W o
0 o ———- - ———- o= ———- @ ——— = - ———- o= ———- o-———- o )
27 28 29 210 211 212 213 214 ¥

Sequence Length (n)

m—— Softmax: many weak paths a-entmax: few strong paths
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Theoretical Findings

Task:

2Back
Input:002526971233822
Target:000025269712338

Maintain focus (non-dispersion)

Softmax Entmax
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Adaptive-Scalable a-entmax (ASEntmax)

What if entmax ignores too many relevant tokens?

ASEntmax(Z) = a-entmax((d + B(logn)?)z)

D

scaler to automatically adjust sparsity
according to the context-length

d, 8,~ are learnable parameters

Layer 2, Head 11 Layer 3, Head 4 Layer 6, Head 10 Layer 8, Head 12 Layer 7, Head 5
0.90 100 | — Bn(R=0.28) 0.90 —— Bn (R*=0.01) 090 105 1 gn(R=0.13)
—— 6+ Blogn (R*=0.59) 0.85 —— 6+ Blogn (R*=0.18) —— &+ Blogn (R*=0.40)
0.85 0.95 0.85 1.00
—— 6+ B(logn)Y (R?=0.80) 0.80 —— 6+ Bllog n)Y (R?=0.36) —— 6+ Bllogn)Y (R?=0.60)
0.90 0.80 095
- 0.80 S 0.85 - 0.75 - c
Q Q™ Q Q 0.75 Q
0.80 0.70 0.90
0.75 Bn (R*=0.67) . 0 0.70 —— Bn (R?=0.81)
.75 .
—— 6+ Blogn (R?=0.84) 0.65 —— 6+ Blogn (R*=0.88) 0.85
0.70 0.60
—_— 5+ ¥ (R2=0. 0.70 i Y (R?=0.
6 + B(logn)¥ (R*=0.86) 0.60 6 + B(logn)¥ (R*=0.88) 0.80
0.65 0.55
0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000
n n n n n
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Positional Encoding for Sparse Attention

RoOPE + a-entmax = hard, periodic, frequency-specific attention windows

— hard cutoffs and "dead zones" that break long-range links

Head 1 Head 2 Head 3 Head 4

125 | e~ NoPE
—o— ALiBi
—e— ROPE

50

Attended Centroid

Attended Centroid
Attended Centroid
Attended Centroid

25

Query Position Query Position Query Position Query Position

NAPE (NoPE + ALiBi) => half of the heads use NoPE, the other half use ALiBI

- short-span focus

- semantic-guided attention
108



Results

Multi-query Multi-token Associative Recall

100%
80%
60%
40%
20%

Exact Match Accuracy

In-Distribution

\
\
\
\
\
\
\
\
\

\

Softmax + RoPE
Softmax + NAPE
SSmax + NAPE

Entmax + NAPE
ASEntmax + NAPE Y

32 64 128 256 512 1K 2K 4K 8K 16K 32K 65K
Sequence Length (n)
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Results

Multi-query Multi-token Associative Recall

>
g 100% - -

§ 80%| & “ === Softmax + RoPE

_<é 0 E ‘\ - == Softmax + NAPE

% o0% ‘uE) \ — SSmax + NAPE

= 40% DT ‘\ - == Entmax + NAPE

3] < \

S 20% \ —— ASEntmax + NAPE N

32 64 128 256 512 1K 2K 4K 8K 16K 32K 65K
Sequence Length (n)

1000x extrapolation!
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Results

Multi-query Multi-token Associative Recall

>

g 100% .

§ 80% _5 “ - == Softmax + RoPE

= S \  --- Softmax + NAPE |
= 40% bT ‘\ —=—= Entmax + NAPE

3] < \

S 20% \ —— ASEntmax + NAPE 3

32 64 128 256 512 1K 2K 4K 8K 16K 32K 65K
Sequence Length (n)

Max Retrieval

100% m——————— @ 7T Softmax
> 80% é —— Adapt. Temp.
& 2 ——- Top-K (K=2)
é 60% |5 — SSMax
m —
<(IJ 40% '@ ----- Entmax a=1.5
= === Entmax a=16

20% ¥ —— ASEntmax
16 32 64 128 256 512 1K 2K 4K
Sequence Length (n)

111



Results

Multi-query Multi-token Associative Recall

>

g 100% .

§ 80% _5 “ - == Softmax + RoPE

= S \  --- Softmax + NAPE |
= 40% bT ‘\ —=—= Entmax + NAPE

3] < \

S 20% \ —— ASEntmax + NAPE 3

32 64 128 256 512 1K 2K 4K 8K 16K 32K 65K
Sequence Length (n)

Max Retrieval

100% m————re————rpr— e Softmax
c — Adapt. Temp.
0, o

%) 80%| 2 ——- TopK (K=2)
i 0 = —_— H
g 00% = SSMax 128x extrapolation!
<((.) 40% o N T L L Entmax a=1.5

= —-=- Entmax a=16

20% ¥ —— ASEntmax
16 32 64 128 256 512 1K 2K 4K
Sequence Length (n)
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Can we actually accelerate inference?
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Inference is a totally different beast

Read the input Write one token at a time

Worked solution

32+42=9+16
1| B4 N LLM M M M 2o

Answer: 25




Inference is a totally different beast

Read the input Write one token at a time

Worked solution

32+42=9+16
1| B4 N LLM M M M 2o

Answer: 25

compute-bound memory-bound

most of the time we are doing most of the time we are waiting
actual computation for memory transfers




EntmaxKV

w/

Goncalo Duarte Miguel Couceiro

# NeurlPS 2026 Workshop on Long-Context Foundation Models

— arxiv.org/abs/2605.21649
M sithub.com/deep-spin/entmaxkv

Dropped (6°™ > 0) Dropped (6™ = 0)

Softmax weights
a-entmax weights

AN AN
I l4

= ~ Sorted tokens

Sorted tokens ~
Support S

|villa < B = |lo—0l|2 <2B§ —> Lower § implies a lower approximation error e


http://arxiv.org/abs/2506.16640%E2%80%8B
http://arxiv.org/abs/2605.21649
http://github.com/deep-spin/entmaxkv

Needle in a Haystack

64

96

128

256

Token Budget

512

1024

D

Softmax

l
l - .
1 H

" -

%

%

KV Cache Length
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Needle in a Haystac

64

96

128

256

Token Budget

512

1024

100%

100%

100%

Entmax

100%

100%

100%

KV Cache Length

54%

47%

54%

100% 53%

100% 48%

100% Yo L 55%
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EntmaxKV

=N
(e R

=
wul

o o
(o]

Relative wall-clock time
(0)]

(normalized to Softmax Flash)
=
N

©
w

e
o

3 Softmax [ Softmax top-k

1.2ms

0.6ms ———

0.6ms
0.4ms 0.8ms
------ WOIE R == Joime
0.6ms|

32k tokens 64k tokens

1 Entmax

2.5ms
—

128k tokens

Bl Entmax top-k

5.0ms

256k tokens

I Entmax Gaussian

9.9ms

512k tokens

4.0ms

19.8ms

1M tokens
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Efficiency

3 Softmax [ Softmax top-k [ Entmax [ Entmax top-k HEE Entmax Gaussian

5.0ms 9.9ms 19.8ms

2.1

1.8 2o
1 5 0.6ms ———
1.2
0.9

0.6

Relative wall-clock time
(normalized to Softmax Flash)

0.3

32k tokens 64k tokens 128k tokens 256k tokens 512k tokens 1M tokens

e
o

Top-k version is ~1.25x faster than FlashDecoding
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Efficiency
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Can we do better?
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Efficiency
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Relative wall-clock time
(normalized to Softmax Flash)

0.3

e
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3 Softmax [ Softmax top-k
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Sl (e

32k tokens

Assume scores are Gaussian

1.2ms

[ Entmax [ Entmax top-k

2.5ms
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B 0.7md ]
0.6ms 1 oms 1.1m
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S®) ~ N /J'p:

«
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ZIPp' E[ [(a — 1)S® —
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3.7ms
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Closed-form expactation:

4

single pass method!
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Efficiency

Relative wall-clock time
(normalized to Softmax Flash)
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Gaussian version is ~3x faster than FlashDecoding!
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Dash Attention

w/

Yuxiang Haung Nuno Gongcalves Federico Alvetreti Lei Li Edoardo Ponti  André Martins

» NeurlPS 2026
— arxiv.org/abs/2605.18753
M gcithub.com/fasa-org/dash-attention/

) summarize chunks €Y Route with a-entmax ) Refine selected tokens
Compress the long KV context. Choose a variable number of chunks. Use routing weights as a prior.

TOKEN KEYS / VALUES

A~ jaannnne ——
= oaaneEl ——
< J0000008 ———— (ke
o faseenEe ——

queryq —— @g-entmax(chunk scores)

» S oo
Always include causal diagonal / local tokens.

0.00 — ! | !

local

A C
1000008 QE8GGER BGNOOO

0

PRIOR-BIASED SOFTMAX

D 0.00 pi « g exp(q - ki / vd)

®
c

2

! =

B

2

m

[

w

. = token prior derived from routing weights
A + Cretained Exact zeros skip B + D 9 P g welg

Learned local attention — one vector per chunk J.

lllustrative weights; support changes with the query. Output 3 pjv
) PV

L— --------------------------- Gradients flow through refinement, routing, and summaries @ ~--------------- | 124


http://arxiv.org/abs/2605.18753
http://github.com/fasa-org/dash-attention/

HELMET Benchmark (long-context)

> o)
- -

Overall Accuracy — (%)
o
=

\W)
-)
|

| = = = FullAttn

NSA
InfLLLLMv?2
DashAfttention
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70 80
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Efficiency

PREFILL DECODING
s =75% s = 87.5% s =93.7"% s = 75% s = 87.5% s =93.7"%
N NSA Iv2 DA NSA 1Iv2 DA NSA 1Iv2 DA NSA 1Iv2 DA NSA 1Iv2 DA NSA 1Iv2 DA
16K 0.71 096 134 123 163 209 191 240 287 040 120 154 043 143 1.67 046 1.73 1.93
32K 076 104 139 125 167 211 219 278 294 057 146 1.69 065 185 226 073 229 2.69
64dK 0.82 1.01 155 133 177 228 224 286 3.02 071 159 197 095 228 2.69 1.12 292 3.27
99K 082 1.04 163 131 173 234 232 306 309 080 173 196 1.04 238 272 134 3.10 3.36
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Efficiency

PREFILL DECODING
s =75% s = 87.5% s =93.7"% s = 75% s = 87.5% s =93.7"%
N NSA Iv2 DA NSA 1Iv2 DA NSA 1Iv2 DA NSA 1Iv2 DA NSA 1Iv2 DA NSA 1Iv2 DA
16K 071 09 134 123 163 209 191 240 287 040 120 154 043 143 167 046 173 1.93
32K 0.76 1.04 139 125 167 211 219 278 294 057 146 1.69 065 185 226 073 229 2.69
64dK 082 1.01 155 133 177 228 224 286 3.02 071 159 197 095 228 269 1.12 292 3.27
99K 082 1.04 163 131 173 234 232 306 309 080 173 196 1.04 238 272 134 3.10 3.36
J /
L

>3x faster than FlashDecoding at prefill AND generation!
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Final Thoughts

On par with FlashAttention on small sequences, faster and stronger on long sequences.

@ANVIDIA. DEVELOPER Home Blog Forums Docs Downloads Training

Technical Blog EEk

Data Center / Cloud

Inside NVIDIA Rubin GPU Architecture:
Powering the Era of Agentic Al

Jul 21,2026 +32 Like ' Discuss (0)

By Eduardo Alvarez, Vishal Mehta and Farshad Ghodsian

| Rubin Adaptive Compression Sparsity

Sparse Operation on Tensor Core + Rubin Activation Sparsity Feature

ﬁ-

Transformer Block ‘

Single Attention Block MLP Block
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What's next?

GPUs + Dynamic Sparsity =

> |
L A4
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Final Thoughts

Scaling sparse attention with next generation of EuroLLM --- Fully open models/data/code

s
EuroLLM I EuroBERT

1.7B, 9B, 22B : 210M, 610M, 2.1B
1M+ downloads 300K+ downloads
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Final Thoughts

Scaling sparse attention with next generation of EuroLLM --- Fully open models/data/code

EuroLLM ﬁ

a EuroBERT
1.7B, 9B, 22B 210M, 610M, 2.1B SMURF4EU
1M+ downloads 300K+ downloads

COMPUTE ALLOCATION

1.9M GPU-hours in Jupiter

Extreme-Scale EuroHPC grant ¢4

CORE CAPABILITIES
Multilingual « Multimodal * Reasoning * Long-Context

Covering text, code, speech, vision, and video

JUPITER

THE FIRST EXASCALE SYSTEM IN EUROPE

LANGUAGE COVERAGE
All 24 official EU languages + 11 additional languages

Portuguese is included (O]
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Beyond the lab

E Gandara Al

Stay tuned, and let's talk.
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Marcos Treviso


THANK YOU

FOR YOUR LK °

ATTENTION &

Want to collaborate? Drop me an email




Sparse Attention

Fixed Patterns

* Window: Local context (Longformer)
* Global: Special tokens (Longformer)
* Random: Random patterns (BigBird)

©@ Low Adaptivity

©@ Low Flexibility

@ Full Differentiability

% O(n x k) time cost
O(n x k) memory cost

Dynamic Selection

* Top-k: Highest scores (Routing)
* LSH: Hash similarity (Reformer)
* Cluster: Group similarity (Clusterformer)

© High Adaptivity
@ Medium Flexibility

@ Approx or No Differentiability

O(nlogn) time cost

A

O(nlogn) memory cost

Sparse Distribution

* a-entmax: natural sparse
transformation

* o controls sparisty

@ High Adaptivity
©@ High Flexibility
@ Full Differentiability

- O(n?logn) time cost
[ J
@EJ O(n?) memory cost
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Scaling is challenging

Training Complexity Inference (with KV cache)

* Time: O(n? x d) * Time: O(n x d)

* Memory: O(n?) * Memory: O(n x d)
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Scaling is challenging

Training Complexity

* Time: O(n? x d)

* Memory: O(n?)
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Scaling is challenging

Training Complexity

* Time: O(n? x d)

* Memory: O(n?)

B =1sample
n = 4096 tokens 4096° x 16 x 32/8 = 1GB +model params and

optimizer states

H =16 heads for a single sample
32 float precision
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Scaling is challenging

Training Complexity

* Time: O(n? x d)

* Memory: O(n?)

B =1sample
n = 4096 tokens 4096° x 16 x 32/8 = 1GB +model params and

optimizer states

H =16 heads for a single sample
32 float precision with just 4K tokens!
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- AdaSplash

B Bisection (Torch) mmm  AdaSplash w/o masking (Triton)
10.0 B FlashAttention2 (Triton) mmm AdaSplash (Triton)
o ) mmm FlashAttention2 (CUDA)
© 1,
g 10
|_
0.1 = = = =
S 3 S S
---. l. l u u u u
8k 16k 32k 64k

Figure 3. Efficiency of algorithms for computing non-causal attention in terms of the average training step time for increasingly longer
sequence lengths. We use a = 1.5 for a-entmax based methods (Bisection and ADASPLASH).

« Before AdaSplash, entmax attention (Bisection) was not scalable!
« AdaSplash, in Triton, can be bit faster than FlashAttention in CUDA!
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AdaSplash-2:
Faster Differentiable Sparse Attention

fu(r) < f(1) < fu(r—h) VY7e€|0,1] — TT—h < 7 < 7°

With B = 8 bins:

7 is known to within 1/8 of *
before a single iteration!
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Results

RULER (needle in a haystack) with 350M models

S-NIAH-1 (ID) S-NIAH-1(0OD) S-NIAH-2 (ID)

S-NIAH-2 (OOD)

Model IK 2K 4K 8K 16K 1K 2K 4K 8K
Softmax 1000 994 942 114 0.8 1000 1000 4.8 0.0
SSMax 100.0 99.8 992 920 752 994 992 644 14.8
Entmax 998 998 8.0 216 12 99.6 994 648 7.2
ASEntmax 99.6 100.0 100.0 998 974 994 994 83.2 254
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Results

RULER (needle in a haystack) with 350M models

S-NIAH-1 (ID) S-NIAH-1(0OOD) S-NIAH-2(ID) S-NIAH-2 (OOD)
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ASEntmax 99.6 100.0 100.0 998 974 994 994 83.2 254

Model (1.5B) NIAH-Single-1 NIAH-Single-2
Context Length 1024 2048 4096 1024 2048 4096
Comparing with the Transformer 100.0 100.0 0.0 922 1000 0.0

recent Mamba-3 Gated DeltaNet 100.0 100.0 99.8 100.0 93.8 49.8
Mamba-2 100.0 996 62.0 100.0 53.8 11.8
Mamba-3 100.0 100.0 88.2 100.0 95.4 50.6
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Comparing with the Transformer 100.0 100.0 0.0 922 1000 0.0
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Mamba-2 100.0 99.6 62.0 100.0 53.8 11.8
Mamba-3 100.0 100.0 88.2 100.0 95.4 50.6
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Context Length 1024 2048 4096 1024 2048 4096
Comparing with the Transformer 100.0 100.0 0.0 922 1000 0.0
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Mamba-2 100.0 996 62.0 100.0 53.8 11.8
Mamba-3 100.0 100.0 88.2 100.0 95.4 50.6
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